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Abstract
We present three distinct examples where phaseless auxiliary-field Quantum Monte
Carlo (ph-AFQMC) can be reliably performed with a single-determinant trial wave-
function with essential symmetry breaking. We first utilized essential time-reversal
symmetry breaking with ph-AFQMC to compute the triplet-singlet energy gap in the
TS12 set. We found statistically better performance of ph-AFQMC with complex-
restricted orbitals than with spin-unrestricted orbitals. We then showed the uti-
lization of essential spin symmetry breaking when computing the single-triplet gap
of a known biradicaloid, C36. ph-AFQMC with spin-unrestricted Hartree-Fock (ph-
AFQMC+UHF) fails catastrophically even with spin-projection and predicts no bi-
radicaloid character. With approximate Bru¨ckner orbitals obtained from regularized
orbital-optimized second-order Møller-Plesset perturbation theory (κ-OOMP2), ph-
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AFQMC quantitatively captures strong biradicaloid character of C36. Lastly, we ap-
plied ph-AFQMC to the computation of the quintet-triplet gap in a model iron por-
phyrin complex where brute-force methods with a small active space fail to capture
the triplet ground state. We show unambiguously that neither triplet nor quintet is
strongly correlated using UHF, κ-OOMP2, and coupled-cluster with singles and doubles
(CCSD) performed on UHF and κ-OOMP2 orbitals. There is no essential symmetry
breaking in this problem. By virtue of this, we were able to perform UHF+ph-AFQMC
reliably with a cc-pVTZ basis set and predicted a triplet ground state for this model
geometry. The largest ph-AFQMC in this work correlated 186 electrons in 956 orbitals.
Our work highlights the utility, scalability, and accuracy of ph-AFQMC with a single
determinant trial wavefunction with essential symmetry breaking for systems mainly
dominated by dynamical correlation with little static correlation. LLNL-JRNL-801427-
DRAFT
Introduction Spin energy gaps are important for characterizing electronic properties of molecules.
They are often used as a parameter for determining the thermodynamic favorability of pho-
tocatalytic processes1. Within the theoretical and computational quantum chemistry com-
munity, these gaps are useful in determining whether a given molecule exhibits strong cor-
relation2,3. When the singlet-triplet gap of a given molecule is small (typically less than 10
kcal/mol), one may conclude that the molecule is biradicaloid3. The accurate computation
of singlet-triplet gaps of biradicaloids has been a challenging task in electronic structure the-
ory4. This is in part due to the fact that singlet biradicaloids require a balanced treatment
between strong and weak correlation. In terms of strong correlation, one has to treat at least
two electrons in two orbitals (2e, 2o) beyond typical perturbation theory. At the same time,
weak correlation out of this active space is important for quantitative accuracy. Although
the separation between strong and weak correlation is often unclear and it is ambiguous to
identify an active space, typical approaches are to apply a simple active space method to
account for strong correlation and subsequently second-order perturbation theory to incor-
porate the remaining correlation effect. Popular approaches include second-order complete
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active-space perturbation theory (CASPT2) and second-order N -electron valence perturba-
tion theory (NEVPT2) on top of a small active space CAS self-consistent field (CASSCF)
reference state5,6.
Recently, auxiliary-field quantum Monte Carlo (AFQMC) has received great attention
in the ab-initio electronic structure community7. It was initially developed for simulating
the Hubbard model in the condensed matter physics community8, but has been further
developed for general ab-initio systems9–11. For molecular systems, it has been applied to
bond dissociations12,13, singlet-triplet gaps of biradicaloids14, dipole bound anions15, simple
transition metal complexes16,17 and finite-temperature systems18,19. For solids, it has been
applied to the uniform electron gas model20 as well as simple real solids such as boron
nitride21, hydrogen chains22, and nickel oxide23. This broad range of applications were
possible due to its relatively low cost compared to other popular many-body methods such as
coupled-cluster with singles and doubles (CCSD). The computational bottleneck in AFQMC
is either the propagation of walkers or the local energy evaluation depending on the choice of
algorithms and discretization schemes24–26. It should be noted that the existing algorithms
and discretization schemes all fall into O(N3) to O(N4) scaling with system size N , which
is favorable compared to O(N6) of CCSD27. This economical cost has allowed for one to
perform AFQMC calculations without any active space restrictions even for medium-sized
systems that are beyond the scope of conventional CCSD.
One of the more pressing challenges in AFQMC is the choice of trial wavefunctions.
AFQMC is a projector QMC method and is similar in spirit to more commonly used diffusion
MC (DMC)? . Namely, we obtain the ground state wavefunction using a projection method,
|Ψ0〉 ∝ lim
τ→∞
exp
(
−τHˆ
)
|Φ0〉 = lim
τ→∞
|Ψ(τ)〉, (1)
where τ denotes the imaginary time, Hˆ is the Hamiltonian, |Ψ0〉 is the exact ground state
of Hˆ, and |Φ0〉 is an initial wavefunction satisfying 〈Φ0|Ψ0〉 6= 0. The initial wavefunction
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|Ψ0〉 can differ from the trial wavefunction |ΨT 〉, we will assume |Ψ0〉 = |ΦT 〉 unless men-
tioned otherwise. Based on this, it can in principle obtain the exact ground state of a given
Hamiltonian, but it runs into the infamous fermionic sign problem. Similar to the fixed-node
approximations in DMC, it is necessary to introduce an approximation into the algorithm
to remove the sign problem. This approximation is called the phaseless approximation in
AFQMC (i.e., ph-AFQMC). In ph-AFQMC, one specifies a trial wavefunction that enforces
a phase constraint so that the fermionic sign problem (or phase problem) no longer occurs.
This is achieved by removing the phase in the overlap ratio factor used in the importance
sampling:
Sn(τ,∆τ) =
〈ΨT |ψn(τ + ∆τ)〉
〈ΨT |ψn(τ)〉
, (2)
where ∆τ is the imaginary time step and |ψn(τ)〉 is the wavefunction of the n-th walker
at time τ . The phaseless approximation introduces uncontrollable biases into the resulting
ph-AFQMC energy. When practicing ph-AFQMC calculations, there needs to be great care
in the choice of the trial wavefunction. In the recent paper by Shee and co-workers, the com-
putation of singlet-triplet energy gaps over a variety of prototypical biradicaloids was carried
out using ph-AFQMC14. A simple spin-unrestricted Hartree-Fock single determinant state
(UHF) in conjunction with a simple spin-projection12 was found to be effective for the sys-
tems considered in their work. In some systems, UHF exhibited artificial spin-contamination
and therefore they used spin-unrestricted Kohn-Sham density functional theory (UKS) for
those systems.
In the present study, we investigate systems where UHF wavefunctions are qualitatively so
wrong that the subsequent ph-AFQMC with spin-projection is quantitatively incorrect. For
problems within the scope of single-reference methods, we argue that Bru¨ckner orbitals define
an optimal set of orbitals28,29 and are a uniquely well-defined choice for the ph-AFQMC trial
wavefunction. They are an optimal choice in the sense that there is no trivial orbital rotation
out of a determinant made of those orbitals. The subsequent imaginary-time propagation
of walkers incorporates excitations higher than singles. We note that the use of Bru¨ckner
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orbitals has been previously explored in the context of real-space DMC30. Obtaining exact
Bruckner orbitals is practically not feasible so we resort to using approximate ones31 either
from orbital-optimized CC with doubles32,33 or from regularized orbital-optimized Møller-
Plesset perturbation theory (κ-OOMP2)4,34,35. By optimizing orbitals in the presence of the
regularized MP2 correlation energy, κ-OOMP2 removes artificial symmetry breaking and
retains only essential symmetry breaking in a single determinant35. It has a favorable fifth-
order scaling just like canonical MP2. Artificial symmetry breaking is best exemplified by
spin-symmetry breaking in closed-shell molecules. For instance, in C60, a complex gener-
alized HF (cGHF) solution was found36 and this solution was characterized to be artificial
later on35. Essential symmetry breaking is essential because without it a single determi-
nant wavefunction is qualitatively wrong. There are many examples for essential symmetry
breaking ranging from bond dissociations to singlet biradicaloids.
There is a special class of problems where even Bru¨ckner orbitals are not optimal and
complex, restricted (cR) orbitals provide a qualitatively correct single determinant while
breaking time-reversal symmetry. For those systems, it is common for Bru¨ckner orbitals
to exhibit spin-polarization since spin-polarized orbitals are typically lower in energy than
cR orbitals. We will investigate prototypical systems where time-reversal symmetry break-
ing is essential and show that it is statistically better to use a single determinant with
time-reversal symmetry breaking than with spin-unrestriction. Furthermore, C36, a known
biradicaloid37–45, will be investigated with minimally spin-contaminated spin-unrestricted
orbitals from κ-OOMP2. In C36, spin-polarization is essential symmetry breaking. This is
where approximate Bru¨ckner orbitals provide nearly optimal single-reference trial wavefunc-
tions for ph-AFQMC. We will also study a model iron porphyrin complex which has been
a topic of controversy between two selected configuration interaction methods46,47. UHF
exhibits artificial symmetry breaking, which could be removed by κ-OOMP2. We will dis-
cuss how ph-AFQMC performs for this model transition metal system with single-reference
trial wavefunctions. The important message of this paper is that ph-AFQMC combined
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with a broken-symmetry single determinant trial can provide accurate energetics when the
underlying symmetry breaking is only essential.
Essential Time-Reversal Symmetry Breaking We first present the study of the TS12 set
which includes 12 atoms and diatomic molecules whose ground state is a triplet4,48. An
important feature of this data set is that time-reversal symmetry is essential symmetry
breaking. Hence, the use of complex, restricted (cR) orbitals produces qualitatively better
results when compared to spin-unrestricted (U) and spin-restricted (R) orbitals. This is
due to the fact that a two-electron determinant made of a doubly occupied complex orbital
ξ = η+iη¯ (where η and η¯ are real orbitals) can describe two open-shell electrons4,48,49. Thus,
a cRHF trial wavefunction for these systems is a simple alternative to a multi-determinant
trial wavefunction capable of describing the open-shell nature of the singlet ground state.
Table 1: The experimental triplet-singlet gap ∆ET-S(= ES − ET ) (kcal/mol) of systems in
TS12 and the deviation (kcal/mol) in ∆ET-S obtained from ph-AFQMC with spin-restricted
(RHF), spin-unrestricted (UHF), and complex, spin-restricted (cRHF) trial wavefunctions.
RMSD stands for root-mean-square-deviation, MAD is mean absolute deviation, and MSD
stands for mean-signed-deviation. N/A means not applicable.
Expt. RHF UHF cRHF
C 29.1 -2.5(2) 1.6(1) -1.5(1)
NF 34.3 1.7(4) 1.3(4) -2.6(4)
NH 35.9 2.0(2) 2.6(2) -0.1(2)
NO– 17.3 4.0(5) 6.6(5) -0.1(5)
O2 22.6 3.2(5) 3.6(5) -1.5(5)
O 45.4 -7.6(3) 0.5(1) -1.5(1)
PF 20.3 3.6(4) 2.7(4) -0.6(3)
PH 21.9 3.4(2) 2.7(2) -0.4(2)
S2 13.4 3.0(4) 4.5(5) -1.6(4)
S 26.4 -2.2(3) 1.5(2) -2.3(2)
Si 18.0 -0.6(2) 1.5(1) -2.2(1)
SO 18.2 2.3(5) 3.2(5) -2.5(4)
RMSD N/A 3.4(1) 3.1(1) 1.7(1)
MAD N/A 3.0(1) 2.7(1) 1.40(9)
MSD N/A 0.9(1) 2.7(1) -1.40(9)
In Table 1, we present the deviation in triplet-singlet energy gaps of ph-AFQMC with
RHF, UHF, and cRHF trial wavefunctions. The MS = 1 state is calculated with UHF trial
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wavefunctions as they are nearly spin-pure4. These energies are from the complete basis
set (CBS) limit extrapolated energies using aug-cc-pVTZ51 and aug-cc-pVQZ51 correlation
energies via Helgaker’s two-point extrapolation formula52. The energy gaps are obtained
by taking energy differences between UHF+ph-AFQMC (MS = 1) and R/U/cRHF+ph-
AFQMC (MS = 0). It should be noted that UHF+ph-AFQMC calculations for MS = 0
were performed with RHF initial states to obtain spin-pure states along the imaginary time
propagation (i.e., spin-projected ph-AFQMC). Table 1 shows a remarkably small trial wave-
function dependence in ph-AFQMC. In typical electronic structure methods such as MP2,
the reference orbital dependence is quite large. For TS12, the MP2 gap changes as much
as 20 kcal/mol depending on what orbitals one uses4. Despite the small trial wavefunction
dependence, it is clear that cRHF trial wavefunction leads to the statistically most accurate
results for this set as shown in Table 1. This highlights the utility of essential symmetry
breaking in the context of trial wavefunctions for ph-AFQMC. Another notable aspect of this
result is that UHF+ph-AFQMC overestimates the gaps for all systems whereas cRHF+ph-
AFQMC underestimates the gap in every system. The singlet state energy is a little too high
in UHF+ph-AFQMC while it is a little too low in cRHF+ph-AFQMC. RHF+ph-AFQMC
is the best performing ph-AFQMC method in terms of MSD but individual data points are
quantitatively far worse than those of UHF or cRHF+ph-AFQMC. For instance, the O atom
has an error of -7.6(3) kcal/mol from RHF+ph-AFQMC whereas UHF+ph-AFQMC predicts
0.5(1) kcal/mol and cRHF+ph-AFQMC predicts -1.5(1) kcal/mol errors. In passing we note
that the use of κ-OOMP2 orbitals in the trial wavefunction makes virtually no differences
compared to the corresponding HF orbitals in this case.
Essential Spin Symmetry Breaking The essential symmetry breaking in C36 is spin polar-
ization and there is no time-reversal symmetry breaking35. In UHF with cc-pVDZ51, 〈Sˆ2〉
values are 7.4 and 8.7 for MS = 0 and MS = 1 states, respectively. This spin contamination
can be removed in ph-AFQMC by starting from spin-pure single determinant wavefunctions
(i.e., spin-projection12). Here, we form a spin-restricted determinant out of UHF natural
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orbitals and use it as an initial walker determinant. On the other hand, orbitals from κ-
UOOMP2 exhibit 〈Sˆ2〉 values of 1.1 and 2.1, respectively, for MS = 0 and MS = 1 states.
The triplet state is nearly spin-pure 〈Sˆ2〉 ' 2.0, which asserts the fact that the MS = 1
state is well described by a single determinant. On the contrary, the singlet state exhibits
〈Sˆ2〉 of 1.1 which shows strong biradicaloid character. This demonstrates that spin sym-
metry breaking is essential in this system and we will see how this affects the accuracy
of ph-AFQMC calculations. We note that all electrons are correlated in ph-AFQMC and
κ-UOOMP2 calculations.
Table 2: The vertical singlet-triplet gap ∆ES-T(= ET −ES) (kcal/mol) and the expectation
values of 〈Sˆ2〉 for MS = 0 and MS = 1 of C36 from various methods. All but MRMP2 results
were obtained with the cc-pVDZ basis set51. MRMP2 results in ref. 44 were obtained with
a D6h geometry within the 6-31G(d) basis set
53. N/A means not applicable.
Method Spin-Projection ∆ES-T 〈Sˆ2〉MS=0 〈Sˆ2〉MS=1
RHF N/A -20.83 0.0 2.0
UHF No 26.64 7.4 8.7
MRMP244 N/A 8.17 0.0 2.0
κ-UOOMP2 Yes 9.22 0.0 2.1
RHF+ph-AFQMC N/A 3.5(8) 0.0 2.0
UHF+ph-AFQMC Yes 42.7(6) 0.0 2.0
κ-UOOMP2+ph-AFQMC No 7(1) N/A N/A
κ-UOOMP2+ph-AFQMC Yes 6.4(9) 0.0 2.0
In Table 2, we present the vertical singlet-triplet gap of C36 computed via various meth-
ods. At the level of HF, RHF predicts the sign of the gap wrong and UHF predicts a large
spin gap with massive spin contamination. The predicted HF gaps (-20.83 kcal/mol and
26.65 kcal/mol) are far away from that of MRMP2 (8.17 kcal/mol). The MRMP2 calcu-
lation was performed on a CASSCF solution with a (2e,4o) active space which covers a
very small fraction of the entire pi-space. It is unclear whether this is a reliable reference
value so ph-AFQMC will provide another highly accurate reference singlet-triplet gap for
this molecule. κ-OOMP2 in conjunction with Yamaguchi’s spin projection50 predicts the
gap of 9.22 kcal/mol. This is about 1 kcal/mol larger than the MRMP2 value. With the
RHF trial wavefunctions for both MS = 0 and MS = 1 states, ph-AFQMC predicts a gap of
8
3.5(8) kcal/mol. The triplet energy was found to be too low compared to other ph-AFQMC
calculations. This led to a very small singlet-triplet gap. The internal stability analysis
indicates that the solution used here is stable, but it is possible that the MS = 1 ROHF
solution is a local minimum and the global minimum solution may yield a better AFQMC
result. ROHF tends to experience more local minima problems than UHF, and thus this can
be the case here as well.
UHF+ph-AFQMC is far worse than RHF+ph-AFQMC and even UHF. The gap of 42.7(6)
kcal/mol is too large to be considered to be biradicaloid and it is about 34 kcal/mol away
from the MRMP2 and κ-UOOMP2 results. With κ-UOOMP2 orbitals, ph-AFQMC predicts
the gap of 7(1) kcal/mol and 6.4(9) kcal/mol, respectively, with or without spin-projection.
These two energies are well within the error bar of each other. The κ-UOOMP2+ph-AFQMC
gap is almost within the error bar from MRMP2 and is small enough to show biradicaloid
character of C36. The spin-projected κ-UOOMP2 with cc-pVTZ gap is 8.46 kcal/mol. There-
fore, we expect the basis set incompleteness error to be on the order of 1 kcal/mol. It will
be interesting to revisit this problem with a larger basis set to examine the basis set incom-
pleteness error. These results highlight the utility of κ-OOMP2 in generating approximate
Bru¨ckner orbitals which can be used to form a trial determinant for ph-AFQMC calculations.
Artificial Spin Symmetry Breaking Iron porphyrin complexes are abundant catalysts in
numerous reactions that undergo in biological systems. In particular, it plays a crucial
role in the heme group in hemoglobin and myoglobin55. Earlier density functional the-
ory (DFT) studies indicate that its triplet and quintet states are of single-reference where
as its singlet state may exhibit biradicaloid character54,56–59. In addition to DFT, many
wavefunction methods have been applied to the computation of the triplet and quintet en-
ergy gap. These largely include multi-reference (MR) methods like multi-reference MP260,
CASPT261,62, second-order restricted active space peturbation theory (RASPT2)63, density
matrix renormalization group configuration interaction (DMRG-CI)64, DMRG-CASPT265,
full configuration interaction QMC SCF (FCIQMC-SCF)66,67, heat-bath configuration inter-
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Figure 1: Molecular structure of the iron porphyrin (Fe(P)) model complex. Cartesian
coordinates were taken from ref. 54. The color codes are as follows: Fe (orange), N (blue),
C (gray), and H (white).
action SCF (HCISCF)46, DMRG with pair DFT (DMRG-PDFT)68, and adaptively sampled
CI SCF (ASCISCF)47. All of these methods require a specification of active space which can
be as small as (8e, 11o) and as large as (44e, 44o). As shown in Table 3, This then gives a
spectrum of the quintet-triplet gap (∆EQ-T(= ET −EQ)) from -13 kcal/mol (DMRG-CI) to
19.27(7) kcal/mol (ASCISCF). Perhaps, the most surprising result in this broad spectrum
is that two selected CI methods (SHCISCF and ACISCF) show a discrepancy on the order
of 20 kcal/mol. This is troublesome because the experimental spin energy gap is unavailable
and the only available information is that the ground state is a triplet69–76. This broad
spectrum does not necessarily indicate that the accuracy of MR methods differs within a
given active space or one is better than others. In our view, the fact that one has to specify a
small active space for computational feasibility is preventing us from the direct computation
of this spin energy gap without neglecting dynamic correlation out of the active space. In
particular, there is a need for a method which does not resort to the cancellation of missing
dynamic correlation out of the active space.
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Table 3: The vertical quintet-triplet gap (∆EQ-T(= ET − EQ)) (kcal/mol) of the model
iron porphyrin complex. DKH stands for the scalar relativistic correction via the Douglas-
Kroll-Hess Hamiltonian78. The ANO-RCC basis set employs a contraction scheme that
yields triple-zeta basis set quality79–81. UCCSD:κ-UOOMP2 indicates UCCSD on top of
κ-UOOMP2 orbitals82.
Method ∆EQ-T Active space Basis set Relativistic
CASPT263 2.1 8e, 11o ANO-RCC DKH
CASPT263 -0.9 16e, 15o ANO-RCC DKH
FCIQMC-SCF66 -3.1 32e, 34o ANO-RCC DKH
RASPT263 4.6 34e, 35o ANO-RCC DKH
DMRG-PDFT:ftPBE68 -0.7 34e, 35o ANO-RCC DKH
FCIQMC-SCF67 -4.4 40e, 38o ANO-RCC No
DMRG-CI64 -13 44e, 44o cc-pVDZ No
SHCISCF46 -1.9(7) 44e, 44o cc-pVDZ No
ACISCF47 19.27(7) 44e, 44o cc-pVDZ No
RCCSD(T)77 0.6 frozen core (no 3s, 3p) ANO-RCC DKH
RCCSDTQ67 -4.8 40e, 38o ANO-RCC No
UHF 26.6 no active space cc-pVDZ No
κ-UOOMP2 -1.5 no active space cc-pVDZ No
UCCSD 3.1 no active space cc-pVDZ No
UCCSD(T) -1.4 no active space cc-pVDZ No
UCCSD:κ-UOOMP2 1.7 no active space cc-pVDZ No
UHF+AFQMC -1.7(5) no active space cc-pVDZ No
ROHF+AFQMC -3.4(6) no active space cc-pVDZ No
κ-UOOMP2+AFQMC -6.1(7) no active space cc-pVDZ No
UHF 27.2 no active space cc-pVTZ No
κ-UOOMP2 -3.4 no active space cc-pVTZ No
UHF+AFQMC -7.1(8) no active space cc-pVTZ No
During the course of investigation, we discovered that neither triplet nor quintet is
strongly correlated with the triplet geometry optimized with DFT as used in refs. 46,47,54.
This conclusion was drawn from several indications found in multiple single-reference (SR)
methods such as UHF, spin-unrestricted coupled-cluster singles and doubles (UCCSD),
UCCSD with perturbative triples (UCCSD(T)), κ-UOOMP2, and UCCSD on top of κ-
UOOMP2 orbitals (UCCSD:κ-UOOMP2)82. UHF solutions exhibit 〈Sˆ2〉 of 4.01 and 7.82
for triplet and quintet states, respectively. This apparent spin-contamination can be almost
completely removed by κ-UOOMP2 which yields 〈Sˆ2〉 of 2.02 and 6.03, respectively. While
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the quintet-triplet energy gap is small, the spin contamination in the triplet state by the
quintet state was found to be negligible. There is no essential symmetry breaking for this
system in either spin state and UHF symmetry breaking is only artificial. Therefore, this
problem should be in the reach of SR methods. Furthermore, UCCSD calculations on top
of spin-contaminated UHF solutions exhibit no substantial doubles amplitudes. The largest
T2 amplitudes are 0.0503 for triplet and 0.0511 for quintet. While UCCSD exhibits quite
significant T1 amplitudes (0.2455 for triplet and 0.2437 for quintet), even these amplitudes
become small in UCCSD:κ-UOOMP2 (0.0944 for triplet and 0.0408 for quintet). This as-
serts the validity of κ-UOOMP2 as an approximate Bru¨ckner orbital method for this problem
as well as the SR character of the problem. While there has been no diagnosis of MR or
SR character for this problem based on spin-symmetry breaking, previous CC studies with
spin-restricted orbitals indicated that this problem is mainly a dynamic correlation problem
and does not necessarily require brute-force active space methods62,67,77. Motivated by all
these indications and also a recent discrepancy between SHCISCF and ACISCF, we em-
ployed UCCSD(T) and ph-AFQMC with all electrons correlated within the cc-pVDZ basis
set. This is far beyond the reach of active space methods since this corresponds to an active
space of (186e, 439o).
UHF yields a gap of 26.6 kcal/mol with a quintet ground state. In order to obtain a triplet
ground state, a reasonable correlation model is supposed to decrease this gap to a negative
value. In this sense, 19.27(7) kcal/mol of ACISCF is surprising because the correlation out
of the active space is so significant that it seems to achieve not much of the cancellation of
dynamic correlation. By contrast, all other previous MR studies achieved either a triplet
ground state or at least small enough gaps (less than 5 kcal/mol) by benefiting from the
cancellation of dynamic correlation. UCCSD and UCCSD(T) yield a gap of 3.1 kcal/mol and
-1.4 kcal/mol. The correlation beyond doubles is responsible for obtaining a triplet ground
state in this geometry. We expect that the correlation beyond (T) may play some role in
stabilizing the triplet state further by 1 kcal/mol or so as suggested in ref. 67. κ-UOOMP2
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yields a gap of -1.5 kcal/mol while UCCSD:κ-UOOMP2 shows a gap of 1.2 kcal/mol. It is
very likely that κ-UOOMP2 correlation model itself is insufficient to provide quantitative
accuracy. The difference between UCCSD and UCCSD:κ-UOOMP2 gaps is 1.4 kcal/mol,
which is due to artificial symmetry breaking in UHF and is not negligible.
We then applied ph-AFQMC with UHF, ROHF, and κ-UOOMP2 trial wavefunctions.
In ph-AFQMC+UHF, spin-projection makes no improvement so ph-AFQMC itself seems to
restore the underlying broken symmetry. The gap of ph-AFQMC+UHF is -1.7(5) kcal/mol
which is within the error bar of UCCSD(T). The use of ROHF and κ-UOOMP2 trial wave-
functions leads to the gaps of -3.4(6) kcal/mol and -6.0(7) kcal/mol, respectively. While
the range of gap varies depending on what trial wavefunction one uses (just like CCSD gaps
depending on the reference wavefunction), they all consistently predict a triplet ground state
in this geometry. Lastly, we also performed the UHF+ph-AFQMC calculation with the cc-
pVTZ basis set51 while correlating all electrons. This corresponds to an active space of (186e,
956o) and is beyond the scope of canonical CCSD and CCSD(T) assuming limited resources.
This is also the largest AFQMC calculation done in this paper. The UHF gap changed from
26.6 kcal/mol (cc-pVDZ) to 27.2 kcal/mol (cc-pVTZ), which suggests that the occupied or-
bitals are nearly converged to the basis set limit. The κ-UOOMP2 gap changed by about 2
kcal/mol and predicts an increased gap of -3.4 kcal/mol. The UHF+ph-AFQMC/cc-pVTZ
gap is -7.1(8) kcal/mol which shows a much larger gap than that of cc-pVDZ. This large neg-
ative ph-AFQMC gap provides enough margin for predicting a triplet ground state using the
adiabatic quintet-triplet energy gap in the future. All calculations presented in Table 3 are
based on a triplet DFT geometry and thus it will be important to revisit this problem with
geometries that are optimized for each spin state with some reasonably accurate correlation
models.
Conclusions In summary, we showed the utility of single-reference trial wavefunctions
based on essential symmetry breaking when performing ph-AFQMC calculations. We ob-
served statistically better performance of ph-AFQMC when combined with complex, re-
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stricted orbitals than with spin-unrestricted orbitals in the TS12 set where time-reversal
symmetry breaking is essential. We also showed a catastrophic failure of ph-AFQMC+UHF
which could not be fixed by a simple spin-projection in the case of computing the single-
triplet energy gap of C36. An approximate Bru¨ckner orbital method, κ-UOOMP2, was shown
to provide a set of qualitatively correct orbitals. ph-AFQMC+κ-UOOMP2 yielded a gap of
6.4(9) kcal/mol confirming the well-known biradicaloid character of C36. Lastly, we showed
strong evidence on the lack of multi-reference character in an iron porphyrin model complex.
The UHF spin-symmetry breaking is only artificial and even with simple trial wavefunctions
based on UHF, ROHF, and κ-UOOMP2, we observed consistently a triplet ground state.
The examples and approach shown in this work highlight the usefulness of ph-AFQMC even
with simple single-determinant trial wavefunctions. We believe that such a ph-AFQMC ap-
proach is most useful for systems which are mainly dominated by dynamic correlation and
too large for canonical coupled-cluster methods to run.
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